Abstract. In the present paper, we prove that a locally noetherian superscheme X may be reconstructed (up to certain equivalence) categorytheoretically from the category of noetherian superschemes over X . This result is a supergeometric generalization of the result proved by Shinichi Mochizuki concerning categorical reconstruction of schemes.
Introduction
Superschemes (or, supermanifolds) were introduced and discussed in various works from different point of views, especially in connection with the important physical applications, which stem from superstring theory. Beside having such physical applications, the theory of superschemes will be interesting on its own from purely mathematical viewpoint. In the present paper, we are interested in understanding the richness of algebraic supergeometry from category-theoretic aspects.
As a main result of our study, we shall give a supergeometric generalization of the result proved by S. Mochizuki (cf. [4] , Theorem A) concerning categorical reconstructibility of locally noetherian schemes, as described below. Let X = (X b , O X ) be a superscheme (cf. Definition 1.1.1 (i)), i.e., a scheme X b together with a certain quasi-coherent sheaf of superalgebras O X on X b . Suppose that X is locally noetherian in the sense of Definition 1.1.2. For each such X , one obtains the category Sch /X (1) consisting of noetherian superschemes over X (cf. (3) for the precise definition of Sch /X ). The problem that we consider in the present paper is to know to what extent one can reconstruct the superscheme-theoretic structure of X from the categorical structure of Sch /X . Our main result is the following assertion.
Theorem A. Let X and X ′ be two locally noetherian superschemes. Then, 
∼ denotes the equivalence relation defined in (25).)
Theorem A implies, unlike the result of [4] , that isomorphism classes of locally noetherian superschemes may not be determined uniquely from the categorical structure of Sch /X . Indeed, suppose that X . By twisting various superschemes over X by means of a in the same manner, we obtain the assignment from each object in Sch /X to an object in Sch /X ′ ; this assignment gives an equivalence of categories Sch /X ∼ → Sch /X ′ , and hence, shows one direction of the equivalence in Theorem A (cf. Proposition 1.5.1 and the discussion in its proof).
On the other hand, the proof of the reverse direction (i.e., Sch /X ∼ = Sch /X ′ implies X f ∼ X ′ ) is technically much more difficult. To complete the proof, we reconstruct step-by-step various partial information of (the equivalence class of) X from the categorical structure of Sch /X , as discussed in § 2. If X is a scheme in the classical sense, then any fermionic twists of X ′ is in fact isomorphic to X (in particular, X ′ is a scheme); in this case, Theorem A is exactly the same as the result by S. Mochizuki. In the last section of the present paper, we shall prove further rigidity properties concerning the category Sch /X (cf. Propositions 3.0.2 and 3.0.3).
Finally, we want to remark that, as a different type of reconstruction of a superscheme, one may find the result in [3] , which asserts that a superscheme may be reconstructed from the (Z/2Z)-graded tensor triangulated category of perfect complexes on it (cf. Remark 1.4.3.1 of the present paper).
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Superschemes
In this section, we recall first the definition of a superscheme defined over Z[ 1 2 ] (cf. Definition 1.1.1). Then, we introduce the notion of a fermionic twist (cf. Definition 1.4.1), and the equivalence relation f ∼ (cf. (25)) appeared in the statement of Theorem A. One direction of the equivalence in Theorem A (which is much easier to prove than the reverse direction) will be proved in § 1.4 (cf. Proposition 1.4.3) .
Throughout the present paper, we denote, for any category C, by Ob(C) the set of objects of C. Also, if both A and B are objects of C (i.e., A, B ∈ Ob(C)), then we shall denote by Map C (A, B) the set of morphisms (in C) from A to B.
1.1. Superschemes. Definition 1.1.1.
(i) A superscheme is a pair X := (X b , O X ) consisting of a scheme X b over Z[ 1 2 ] and a quasi-coherent sheaf of superalgebras O X over O X b such that the natural morphism O X b → O X is injective and its image coincides with the bosonic (i.e., even) part of O X . We shall write O X f for the fermionic (i.e., odd) part of O X and identify O X b with the bosonic part via the injection
In the following, let us fix a superscheme X := (X b , O X ).
We shall say that X is locally noetherian (resp., noetherian) if X b is locally noetherian (resp., noetherian) and the O X b -module O X f is coherent.
We shall denote by (3) Sch /X the category defined as follows:
• the objects are morphisms of superschemes
of schemes is of finite type; • the morphisms (from an object Y 1 → X to an object Y 2 → X ) are morphisms of superschemes Y 1 → Y 2 lying over X . The fiber products and finite coproducts exist in Sch /X (cf. [2] , Corollary 10.3.9). Remark 1.1.2.1. Let X be a scheme (in the usual sense) over over Z[ 1 2 ]. Then, X carries a superschemes of the form
(Conversely, any superscheme with vanishing fermionic part arises uniquely from a scheme in this manner.) In the rest of the present paper, we shall not distinguish between X and X triv .
Superschemes arising from a bilinear map.
Let X := (X b , O X ) be a superscheme. The multiplication morphism
The associative property of the multiplication gives rise to the equality
One verifies that the superscheme X is uniquely determined (up to isomorphism) by the triple
To make the discussion precise, let us define
to be the category, where
• the objects are triples (Y, F , ω) consisting of a noetherian scheme Y of finite type over Z[ 1 2 ], a coherent O Y -module F , and a skew-symmetric
Then, the following proposition is verified.
The assignment X → A X defined above is functorial, and the resulting functor
is an equivalence of categories.
Proof. Let us take an object (Y, F , ω) of A. Then, the direct sum O Y ⊕ F admits a structure of O Y -superalgebra (where the first and second factors are the bosonic and fermionic parts respectively) with multiplication given by which is the inverse to the functor (9). This completes the proof of 1.2.1.
From superschemes to schemes.
In the following, we shall fix a superscheme X :
. By considering the morphism
corresponding to the inclusion O X b → O X , X may be thought of as a superscheme over the scheme X b . The construction of β X is evidently functorial in X , that is to say,
the superideal of O X generated by O X f . The quotient of O X by N X determines a scheme X t equipped with a morphism (13) τ X : X t → X of superschemes. The composite
is a closed immersion of schemes corresponding to the quotient
If f : Y → X is a morphism of superschemes, then it induces a morphism
Next, we denote by
the full subcategory of Sch /X consisting of objects of the form Y → X , where Y is a scheme. The assignment Y → Y t (Y ∈ Ob(Sch /X )) defines a functor
which turns out to be a right adjoint functor of the functor
That is to say, the functorial map of sets
is bijective, where Y ∈ Ob(Sch /Xt ) and Z ∈ Ob(Sch /X ). In particular, we obtain an equivalence of categories Sch /Xt ∼ → Sch /X (given as in (18)).
Let X be a superscheme and U → X b be anétale morphism. Then, we shall write
By an open subsuperscheme (resp., a quasi-compact open subsuperscheme) of X , we mean a superscheme of the form X | U for some open subscheme (resp., quasi-compact subscheme) U of X b .
Fermionic twists.
Let us define the notion of a fermionic twist of a given superscheme. In the following, let us fix a locally noetherian superscheme X := (X b , O X ).
We shall define (−1) X to be the automorphism
In particular, (−1) X • (−1) X = id X , and if X is a scheme (i.e., O X f = 0), then we have (−1) X = id X . If, moreover, Y is a locally noetherian superscheme and f : Y → X is a morphism of superschemes, then we have the equality of morphisms
) defines a nontrivial center of Sch /Z[ 1 2 ] (i.e., an automorphism of the identity functor
).
We shall refer to (−1) X as the fermionic involution of X .
Write Aut X b (X ) for theétale sheaf on X b consisting of locally defined automorphisms of X over X b (i.e., the sheaf which, to anyétale scheme U over X b , assigns the group of automorphisms of X | U over U), and (µ 2 ) X b for the constantétale sheaf on X b with coefficients in the square roots of unity µ 2 := {±1}. Then, we have a homomorphism
determined by η X (1) = id X and η X (−1) = (−1) X . By applying the functor
A fermionic twist of X is a superscheme defined to be the twisted form of X (over theétale topology on
. We shall refer to this superscheme as the fermionic twist of X associated with a and denote it by a X .
By the definition of a fermionic twist, the set of isomorphism classes of fermionic twists of X corresponds bijectively to the set Im(H 1 et (η X )). In particular, if X b (as well as X t ) is a scheme of finite type over k (where k is a separably closed field or a finite field), then there are only a finite number of isomorphism classes of fermionic twists of X . Also, if H 1 et (X b , µ 2 ) = 0 (e.g., X t is simply connected) or X is a scheme (i.e., O X f = 0), then all fermionic twists of X are isomorphic.
Consider a relation " f ∼" in the set of locally noetherian superschemes defined as follows:
One verifies immediately that this relation forms an equivalence relation. The following proposition is one direction of the equivalence in Theorem A. 
we write, by abuse of notation, for a Y the fermionic twist of Y associated with this element. It follows from the functoriality of (−1) X (with respect to X ) that f induces a morphism a f :
The assignment Y → a Y is functorial, and hence, defines a functor
Since X is fermionic twist of a X associated with −a (under the identification
, the discussion just discussed gives rise to a functor Sch / a X → Sch /X , which becomes the inverse to the functor (26). This completes the proof of Proposition 1.4.3. to be the category defined as follows:
• the objects are O X -supermodules 
which may be thought of as an analogue of Proposition 1.4.3. If O X -mod contained O X -linear morphisms which does not preserve parity, then there would not be a natural way of construction of a functor
In other wards, the category of O X -supermodule in which the morphisms need not to preserve parity (hence, which is (Z/2Z)-graded) may have information which allow us to distinguish X from superschemes equivalent to X . Indeed, the tensor triangulated categories used in the category-theoretic reconstruction of superschemes executed by U. V. Dubey and V. M. Malick in [3] are assumed to admits a structure of (Z/2Z)-gradation; this assumption will be essential in the reconstruction of the isomorphism classes (not only the equivalence classes) of superschemes.
Fermionic twists in the Zariski topology.
Denote by (G m ) X b theétale sheaf on X b represented by the multiplicative group G m . The Kummer sequence
where
• I is an index set;
). We shall write
by abuse of notation. One verifies that it is a unique (up to isomorphism) superscheme such that the triple Au X associated with it (cf. Proposition
This implies that Y is the fermionic twist of X associated with δ(u), as desired.
Conversely, any fermionic twist of X is, Zariski locally on X b , isomorphic to u X (for some local section u ∈ O × X b ), as described in the following proposition.
of a as in (32). Then, there exists a collection of isomorphisms
satisfying the following two conditions:
• For each α ∈ I, the morphism (ξ α ) b of schemes underlying ξ α coincides with the identity morphism of U α ; • For each (α, β) ∈ I 2 , the automorphism
Proof. The assertion follows immediately from the definition of a fermionic twist and the above discussion. ], i.e., the superspectrum of the superring Z[
, where the t 1 , · · · , t n are ordinary indeterminates and ψ 1 , · · · , ψ m are odd indeterminates. Also, let us write
For any Y ∈ Ob(Sch /X ) and any nonnegative integers n, m, the superscheme A n|m Y belongs to Ob(Sch /X ). Also, we have a sequence of functorial (in Y ) bijections of sets:
where the third bijection is given by ( 
, assigns the automorphism of A 1|0 Y over Y determined by ψ → a · ψ turns out to be bijective. By applying the functor
Y ) (over the Zariski topology on Y b ) determined, via (42), by some a ∈ Pic(Y b ); it may be described as a pair
over Y and a section σ Z /Y : Y → Z of the structure morphism of Z . We shall refer to the pair
By (42), there exists canonically a bijective correspondence between Pic(Y b ) and the set of isomorphism classes of A 0|1 -twists over Y .
1.7. The multiplication morphisms of fermionic twists.
over Y under the bijection (38). The morphism µ Y u Y corresponds to the homomorphism of superalgebras over O Y described as follows:
Next, let a be an element of
, and write
over Y . This morphism does not depend on the choice of a representative of a. Also, we obtain (by glueing together the morphisms αs α Y | Uα ) a morphism
e., the class σ(a) ∈ Pic(Y b )). Owing to the morphisms α Y Z and µ Y Z , we have an isomorphism of superrings
which is functorial with respect to Y ∈ Ob(Sch /X ).
Proof of Theorem A
This section is devoted to prove the remaining portion of Theorem A, i.e., that the equivalence class defined by " f ∼ " of a locally noetherian superscheme X may be reconstructed purely category-theoretically from the category Sch /X . In the following discussion, we will often speak of various properties of objects and morphisms in Sch /X as being "characterized (or reconstructed) category-theoretically". By this, we mean that they are preserved by arbitrary equivalences of categories Sch /X ∼ → Sch /X ′ (where X ′ is another locally noetherian superscheme). For instance, the set of monomorphisms in Sch /X may be characterized category-theoretically as the morphisms f : Z → Y such that, for any W ∈ Ob(Sch /X ), the map of sets
given by composing with f is injective. To simplify notation, however, we omit explicit mention of this equivalence Sch /X ∼ → Sch /X ′ , of X ′ , and of the various "primed" objects and morphisms corresponding to the original objects and morphisms, respectively, in Sch /X .
In this section, let us fix a locally noetherian superscheme X .
2.1. Our tactics for completing the proof of Theorem A (i.e., recognizing the structure of superscheme of X ) is, as in [4] , to reconstruct step-by-step various partial information of X from the categorical structure of Sch /X . As the first step, we reconstruct the set of objects in Sch /X which are isomorphic to spectrums of fields (cf. Proposition 2.1.5). Of course, these objects allow us to know the points in the topological space underlying X . For each superring R, we denote by Spec(R) (51) the superspectrum of R. Let k be a field and M a finite-dimensional k-vector space. We shall equip k ⊕ M with a structure of superalgebra over k given as follows:
• The bosonic part is the first factor k and the fermionic part is the second factor M; • The multiplication is given by assigning (a,
for any a, b ∈ k and ǫ a , ǫ b ∈ M.
We shall write
In other wards, A 0|M k is a unique (up to isomorphism) superscheme satisfy-
of superschemes over k coincides with the morphism induced from a k-linear morphism M 2 → M 1 which is uniquely determined. This observation shows the following lemma. 
defines an equivalence of categories. 
for any object Y of Sch /X .
Proof. The assertion follows directly from the definition of
is not surjective. By Nakayama's lemma (and the condition that Z is noetherian), there exists a point s (:
is not surjective. Hence, the induced morphism between k-vector spaces
is not injective. It follows from Lemma 2.1.2 that the map
given by composing with f is not injective, and we obtain a contradiction. Thus, f ♭ must be surjective. Next, suppose that f t is not a monomorphism in Sch /Xt , equivalently, there exists an object W of Sch /Xt whose associated map
is not injective. But, since τ (cf. (17)) is a right adjoint functor of the functor
→ Sch /X , the map (58) may be identified with the map
This contradicts the assumption that f is a monomorphism. Thus, f t must be a monomorphism. The reverse direction may be verified immediately, and consequently, we complete the proof of Proposition 2.1.3. (i) We shall say that an object Y in Sch /X is minimal (over X ) if it is nonempty (i.e., not an initial object of Sch /X ) and any monomorphism Z → Y from a nonempty object Z ∈ Ob(Sch /X ) to Y is necessarily an isomorphism. (ii) We shall say that an object Y in Sch /X is terminally minimal (over X ) if it is minimal over X and any minimal object Z over X with Y × X Z = ∅ admits a morphism Z → Y .
These properties on objects in Sch /X give a category-theoretic characterization of spectrums of fields, as follows. 
Consequently, the objects of Sch /X consisting of (super)schemes which are isomorphic to Spec(k) for some field (resp., consisting of points of X t ) may be reconstructed category-theoretically from the category Sch /X .
Proof. The assertions are formal consequences of the definitions of being minimal and terminally minimal.
2.2. Next, we shall consider the category-theoretic reconstruction of the superschemes A 0|k k (= A 0|1 k ) and A ε|0 k (introduced below) in Sch /X . After reconstructing these objects, one may use them to understand the local structure of X (cf. Proposition 2.3.1 described later).
Definition 2.2.1. We shall say that an object Y of Sch /X is one-pointed if its underlying topological space consists precisely of one element.
The following proposition may be immediately verified. 
., a pair consisting of a category and a minimal object of it.) Then, the following assertions (i) and (ii) are satisfied.
(i) The set consisting of two objects 
(B) S ,T : S is not isomorphic to T , and Spec(k) is isomorphic to neither S nor T ;
(C) S ,T : Let V be a one-pointed object V of Sch /k satisfying the following two conditions:
• V is not isomorphic to Spec(k);
• Any terminally minimal object over V (which is uniquely determined up to isomorphism) is isomorphic to the terminal object Spec(k).

Then, there exists either a monomorphism S ֒→ V from S or a monomorphism T ֒→ V from T .
(ii) Let U be either A Note that any one-pointed object of Sch /k is necessarily isomorphic to the superspectrum of some (local) superalgebra over k. For a one-pointed object W in Sch /k , we shall write
Now, let {S , T } be a set of two one-pointed objects of Sch /k which satisfies both the conditions (B) S ,T and (C) S ,T . Suppose that one of the objects S in this set satisfies the inequality dim k (S ) ≥ 3. By Proposition 2.1.3, there does not exist a monomorphism from S to A Assertion (ii) follows directly from the fact that
) denotes the exterior algebra over k associated with k ⊕2 , which admits naturally a structure of superalgebra over k).
2.3. Next, we consider reconstructing the schematic structure of X t from Sch /X (cf. Corollary 2.3.2 below), and consequently, a topological structure of the underlying space of X (cf. Proposition 2.3.3 below). First, we observe that there exists, by means of Proposition 2.2.3, the following categorytheoretic criterion for each object Y ∈ Ob(Sch /X ) to be a scheme (i.e., O Y f = 0). 
Proof. This is a formal consequence of the definition of a quasi-compact open subsuperscheme. 
Y ) if and only if it satisfies the following three conditions
(where m (−) denotes the maximal ideal) for the homomorphism of local rings defined by f and (for each i ≥ 1) write
for the induced homomorphism. By the definition of f and Nakayama's lemma for noncommutative rings, all f 
which makes the following diagram
commute, where the upper horizontal arrow denotes the composite of the quo-
becomes a split injection of f
which contradicts the fact that f ♭,1 z is an isomorphism. Consequently, f ♭ z is an isomorphism (for any z), that is to say, f is an isomorphism. This completes the proof of the claim.
Finally, it follows immediately from the condition (I) z and a standard argument that Z is isomorphic to A Let Y be an object of Sch /X . We shall define a functor 
for the multiplication morphism of (G m ) Y , and write (J) µ : the equality
Consequently, the morphism µ
in Sch /Y may be reconstructed categorytheoretically (up to isomorphism) from the data (Sch /X , Y ). 
Proof. Since the equality
is commutative, where λ denotes the morphism
We have the equalities
Consequently, the morphism α
in Sch /Y may be reconstructed categorytheoretically (up to isomorphism) from the data (Sch /X , Y ).
Proof. Let α be a morphism satisfying the conditions (K) α and (L) α . We write 
Consequently, the set of objects in Sch /Y which are isomorphic to A 0|1 -twists over Y may be reconstructed category-theoretically (up to isomorphism) from the data (Sch /X , Y ).
Proof. Let (Z , σ ) be a pair satisfying the required three conditions. By the existence of a section σ and the condition (N) Z ,σ , the underlying continuous map of f is a homeomorphism (hence, we consider O Z as a sheaf on the underlying topological space of Y ). The conditions (M) Z ,σ implies that O Z is a finite O Y -module. It follows from the condition (N) Z ,σ and Nakayama's lemma that one may find, locally on
where the multiplication of the right-hand side is given by (a, b) · (c, d) = (ac, ad + cb). Moreover, the universal property described in (O) Z ,σ implies that I = 0. Consequently, (Z , σ ) forms an A 0|1 -twist over Y . Since the reverse direction of this assertion may be verified immediately, we complete the proof of Proposition 2.6.1. 
Next, let us fix an
where the multiplication of the right-hand side is given by Proof. The assertion follows from the various definitions involved.
We shall write b) ). 
) and λ denotes the morphism
The square diagrams
are commutative, where θ denotes the isomorphism
Z . Then, the following equalities hold:
Also, it holds the equality Proof. Let µ be a morphism satisfying the required four conditions. It corresponds, Zariski locally on Y b , to a homomorphism
of O Y -superalgebras. By the conditions (T ) µ and (U) µ , µ ♭ may be given by
where 
We have the equalities 4 , and the discussion in § 1.7 (especially, the isomorphism (50)).
2.7. We turn to the proof of the main result of the present paper, i.e., Theorem A. Before beginning the proof, let us first mention the following rigidity property concerning Sch /X . ; such an isomorphism ι α is uniquely determined (thanks to Proposition 2.7.1) by the condition that the functor Sch /X | Uα ∼ → Sch /Z α given by base-change via ι α is isomorphic to the composite functor
where the first arrow denotes the restriction of φ to Sch /X | Uα . For any pair (α, β) ∈ I × I with U α,β := U α ∩ U β = ∅, we obtain an isomorphism ι α,β := (ι β ) −1 • ι α : Z α | U α,β ∼ → Z β | U α,β . Proposition 2.7.1 implies that the collection of isomorphisms {ι α,β } α,β satisfies the cocycle condition (in an evident sense), and hence, the superschemes {Z α } α∈I may be glued (by means of {ι α,β } α,β ) together to a superscheme Z . By construction, Z is a fermionic twist of X ′ and the isomorphisms {ι α } α∈I may be glued together to an isomorphism ι : Z ∼ → X . Consequently, we have X f ∼ X ′ . This completes the proof of Theorem A.
Further rigidity properties
In this final section, we propose further rigidity properties concerning the category of superschemes. 
